[1] Well-defined vegetation patterns are a widespread feature of dryland landscapes, where spotted, banded, or other organized systems of vegetation patches are bordered by bare soil. A number of different mechanisms have been invoked to explain the emergence of these patterns and to associate their geometrical features to the driving (biotic and abiotic) processes. A commonly accepted theory of pattern formation is based on the interplay between mechanisms of short-range facilitation and long-range competition with surrounding vegetation. Recently associated with the emergence of vegetation patterns, these short-and long-range interactions have been seldom interpreted as a means for plants to enhance their chances of survival in arid environments. Here we develop a simplistic facilitation-competition model to show how these spatial interactions increase the productivity of dryland ecosystems. Stable (sparsely) vegetated states are shown to occur even in systems in which unvegetated conditions are the only stable state of the local dynamics (i.e., in the absence of spatial interaction). Pattern emergence is also interpreted as an easily detectable sign of the occurrence of highly effective resource allocation and use due to spatial interactions. Moreover, the resilience of vegetated states is qualitatively related to pattern geometry. 
Introduction
[2] The high degree of spatial organization of vegetation is a recurrent feature of many dryland landscapes around the world [MacFayden, 1950; Greig-Smith, 1979; Tongway et al., 2001; Couteron and Lejeune, 2001] . Well-defined periodic patterns of banded, labyrinthine, and spotted vegetation ( Figure 1 ) have been observed in Israel [e.g., von Hardenberg et al., 2001] , West Africa [Couteron and Kokou, 1997; Couteron and Lejeune, 2001] , Australia [Ludwig and Tongway, 1995] , and North America [Cornet et al., 1988] .
[3] Initially attributed to soil heterogeneity [e.g., Menaut and César, 1982] , the emergence of vegetation patterns has been recently explained by analytical and semianalytical theories as the result of (1) interactions between resource redistribution and vegetation establishment [Schlesinger et al., 1990; Klausmeier, 1999; von Hardenberg et al., 2001; HilleRisLambers et al., 2001] , (2) facilitation-competition dynamics [Lefever and Lejeune, 1997; Lejeune et al., 2002] , (3) feedbacks between nutrient loss by soil erosion and plant encroachment [Schlesinger et al., 1990] , and (4) as a noiseinduced effect associated with random disturbance regimes (P. [4] The first set of models [Klausmeier, 1999; von Hardenberg et al., 2001; HilleRisLambers et al., 2001] invokes the existence of a positive feedback between vegetation dynamics and limiting resources. Patterns emerge from the coupled dynamics of plant biomass and resources, which are modeled as a system of partial differential equations (i.e., multivariate models) with spatial interactions expressed as diffusion processes. These diffusion processes are crucial to the Turing instability mechanism [Turing, 1952] of pattern formation commonly invoked by these models. In fact, the spatial coupling expressed by diffusion destabilizes a stable state of the local dynamics leading to the emergence of stable periodic patterns [e.g., Murray, 1989] . A different approach was suggested by Lefever and Lejeune [1997] , who developed a model of pattern formation using only one state variable (vegetation biomass) and expressed spatial interactions as a ''long-range diffusion '' process [e.g., Murray, 1989 ] to account for the effects of facilitation and competition with the surrounding vegetation. While linear short-range diffusion is unable to induce pattern formation in univariate models, long-range diffusion is known for being capable of generating patterns [e.g., Murray, 1989; Cross and Hohenberg, 1993] owing to the interplay between near-neighbor facilitation and inhibition by far vegetation. Facilitation is due to positive feedbacks between resources (e.g., soil moisture) and vegetation, (for example, the existence of higher soil moisture beneath vegetation canopies due to shading or higher infiltration capacity in vegetated soils), while inhibition is due to the competition between the lateral root systems of different individuals [Lefever and Lejeune, 1997; Lejeune et al., 2002; Casper et al., 2003] . Other univariate models for pattern formation in dryland vegetation rely either on nonlinear diffusion processes typical of fertility island dynamics or on the ability of noise to generate ordered states in spatially extended systems (D'Odorico et al., submitted manuscript, 2006 shown to emerge as a result of resource redistribution even when unvegetated conditions are the only stable state of the local dynamics (i.e., in the absence of spatial interactions the system tends to a desert state). Here we show how a similar result can be found with a univariate facilitationcompetition framework [Lefever and Lejeune, 1997] without invoking the occurrence of diffusion-like spreading of surface and subsurface water resources. Thus we show that pattern formation is not an ''extravagant process'' of nature, but the result of self-organized vegetation dynamics inducing conditions favorable for plant survival in harsh (arid) environments. To this end, we develop and use a simplistic, linear model of long-range diffusion to investigate how the emergence of vegetation patterns induced by spatial inter- [Lewis et al., 1999] during the 1992-HAPEX-Sahel experiment (courtesy of Mathias Disney, University College London).
actions depends on environmental drivers, initial conditions, and the relative importance of facilitation and competition processes.
Modeling Framework
[6] Vegetation dynamics at any point x(x,y) in a twodimensional domain (W) are modeled as the sum of two terms: a local function f(V), expressing the growth/decay of vegetation biomass, V, in the absence of spatial interactions, and a facilitation-competition term, accounting for shortand long-range spatial interactions within W. An integral equation formulation (i.e., a ''neural model'' [Murray, 1989, p. 283] ) is used to express the interaction with all points
[7] The state variable, V, is here normalized with respect to its maximum sustainable value (i.e., the carrying capacity). Thus V ranges between 0 and 1. Equation (1) needs to be provided with two bounds, one at V = 0 and the other at V = 1, to prevent V evolving outside the (0, 1) interval, thereby losing physical meaning.
[8] The strength of the interaction between V(x, t) and vegetation at any point x 0 in W is proportional to the vegetation biomass V(x 0 , t) and to a weighting function, w(r), of the distance, jrj = jx À x 0 j, between x and x 0 . Pattern emergence strongly depends on the shape of this function, which expresses the interactions with near and far vegetation. Notice how, because the weighing function is assumed to depend on the length but not on the direction of the displacement vector, r, the system is implicitly assumed to be isotropic, suggesting that patterns generated by equation (1) are not induced by any anisotropy of the system [Lefever and Lejeune, 1997; Couteron and Lejeune, 2001] .
[9] We follow Lefever and Lejeune [1997] and assume the interaction to be positive (facilitation) at small distances and negative (competition) at larger distances. Facilitation is usually associated with the existence of a favorable environment for vegetation establishment and growth beneath the canopy of existing plants due to soil moisture -vegetation feedbacks associated with higher infiltration capacity [e.g., Walker et al., 1981] or lower evaporative losses [Zeng and Zeng, 1996; Zeng et al., 2004; Scholes and Archer, 1997; D'Odorico et al., 2005] in the subcanopy soil. In fact, ''modest reductions in radiant energy associated with tree shading can lower soil temperatures, reduce evaporative demand and water stress, and enhance subcanopy soil moisture storage, availability, and plant water-use efficiency'' [Scholes and Archer, 1997, p. 528] . Competition is commonly attributed to uptake by lateral root systems, which expand far beyond the vertical projection of plant canopies [Lefever and Lejeune, 1997; Schenk and Jackson, 2002; Caylor et al., 2006] . These ''wide-spreading roots enable plants to take up water from bare interspaces between individual plants'' [Casper et al., 2003 [Casper et al., , p. 2315 . Thus the weighting functions used in this study ( Figure 2 ) are positive (negative) for small (large) values of r. w(r) is here obtained as the difference between two Gaussian functions [e.g., Murray, 1989] representing the effect of facilitation and competition dynamics,
The ratio b 1 /b 2 expresses the relative importance of facilitation and competition, while d 1 /d 2 is related to the ratio between the radii of canopy and root footprints. To ensure that w(r) has qualitatively the same shape as shown in Figure 2 , we take d 1 < d 2 and b 1 > b 2 . The use of the weighting function (2) was proposed and justified by Lefever and Lejeune [1997] for the study of vegetation pattern formation in dryland ecosystems. Barbier [2006] used field data from southwest Niger to provide a quantitative analysis of the facilitation-competition mechanisms represented in equation (2). This study [Barbier, 2006] was able to assess that short-range facilitation is mostly due to the reduction in evaporation from shaded areas beneath the canopy, while long-range competition is due to lateral roots. Here we use a similar modeling framework to show how spatial interactions (i.e., resource redistribution) enhance ecosystem productivity allowing for the existence of sparse vegetation in areas where, in the absence of spatial interactions, no vegetation cover would be sustainable.
[10] The function f(V) needs to be specified in order to further investigate the properties of the model. We consider the case of an ecosystem in conditions of severe water stress, where, in the absence of spatial interactions, plants die at a certain rate, f(V); that is, the local dynamics tend to the steady state V = V 0 = 0. It will be shown that vegetation patterns may arise even when relatively simple (e.g., linear) formulations are used for the local dynamics. To this end, we will assume the mortality rate to be proportional to the existing vegetation biomass,
with a being the mortality rate per unit plant biomass.
Stability of Plant Ecosystems at the Desert Margins
[11] We first investigate the conditions controlling the stability of the system. To this end, we rewrite equation (1) in dimensionless form as (2)) calculated with e = b1/b2 = 0.25 and c = d1/d2 = 1.8.
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where z and e < 1 represent the relative importance of local/ spatial dynamics, and of competition/facilitation processes, respectively, c > 1 is the ratio between the radii of root system and canopy footprints. To simplify the notation, in what follows we drop the header ''$'' and indicate with x(x, y) the dimensionless coordinate vector.
[12] The local dynamics in equation (4) have a (temporally) stable state at V = V 0 = 0. Patterns emerge when short and long range spatial interactions are able to destabilize the homogeneous state V 0 . More specifically, when the kernel function is expressed by equation (2), small positive perturbations of the unvegetated state (i.e., heterogeneous vegetation growth) are locally enhanced by the positive feedback with the limiting resources (autocatalytic increase in soil moisture), while vegetation growth/establishment in the surrounding area is inhibited by the competition portion of the weighting function. The dual case with small negative perturbations of the unvegetated state has no physical meaning because vegetation biomass has a lower bound at V = 0 (i.e., V ! 0).
[13] To investigate the conditions leading to pattern formation, we first study the linear stability of the homogeneous solution V 0 = 0. The linear analysis provides information only on the stability of a state with respect to infinitesimal perturbations, while the evolution of the perturbations requires higher-order theories. Even though this analysis is unable to account for the existence of the bound at V = 0, it provides important indications on how the stability of the homogeneous solution V = V 0 = 0 depends on the parameters of equation (4). It also demonstrates how the emergence of instability is not induced by nonlinearities associated with the existence of the bound, but results from the spatial coupling.
[14] We first seek for solutions of (4) in the form of the sum of the homogeneous state, V 0 , and a perturbation term,
whered V is the amplitude of the perturbation, g its growth factor, k the wave number vector, i = ffiffiffiffiffiffi ffi À1 p , and ''Á'' the scalar product operator. V = V 0 is unstable when g > 0. Substituting equation (6) into (4), we obtain (after a Taylor expansion for small values ofd V ) the dispersion equation relating the growth factor to the wave number of the perturbation terms in the solutions of equation (4) having the general form of equation (6),
with k = jkj and Figure 3 shows that g increases with increasing values of z (i.e., of the relative importance of spatial/local dynamics) until g becomes positive for z > z*. In these conditions the homogeneous state V 0 = 0 is unstable and the solution evolves toward a steady vegetated state. In this state patterns emerge when the most unstable mode, k max , is different from zero (uniform solution), i.e., when W(0) < 0 [see Murray, 1989, p. 488] . The value of k max can be analytically determined from equation (7),
separates stable from unstable states in the parameter space (Figure 4 ). The vertical (solid) line in Figure 4 marks the transition to homogeneous states emerging when the most unstable mode, k max , is zero (i.e., when c = 1/ 4 ffiffi ffi e p ). From an ecological point of view this means that patterns emerge only if c (hence, the root-to-canopy ratio) exceeds a critical value. This value increases as the relative importance of competition/facilitation processes (i.e., e) decreases.
[15] Figure 4 shows that, for c > 1/ 4 ffiffi ffi e p , the homogeneous unvegetated state becomes unstable when z (i.e., the relative importance of spatial with respect to local dynamics) exceeds a critical value, z* (Figure 3) , suggesting that the system evolves toward a spatially heterogeneous state with sparse vegetation cover. In these conditions the local interactions are clearly able to enhance the productivity of the system.
[16] In fact, a set of numerical simulations with V constrained in the interval (0, 1) showed that conditions of instability and pattern formation are reached for slightly higher values of z* (Figure 4 , dashed lines) than those predicted by equation (7). Thus the existence of a bound at 
Vegetation Patterns
[17] In the previous section we have shown how spatial interactions may render unstable the uniform unvegetated state and lead to the emergence of spatially heterogeneous vegetation configurations. We will now rely on numerical simulations to investigate how, in this heterogeneous steady state, the space-averaged vegetation biomass changes with the strength of the spatial coupling (i.e., with the parameter z) and the initial conditions.
[18] Figure 5 shows the average value, m V , of vegetation biomass as a function of z. It is observed that m V decreases with decreasing values of z, until it catastrophically drops to zero at z = z*. This transition to unvegetated conditions is associated with a loss in the spatial heterogeneity evidenced by an abrupt drop in the standard deviation, s v , of the twodimensional vegetation fields (Figure 5) .
[19] Pattern geometry changes with z ( Figure 5, insets) . A rich variety of vegetation patterns is generated by the model for relatively low values of c (i.e., close to the transition to unstable uniform states (see Figure 4) . In the case of (5), with no bound at V = 0. The numerical curves (dashed lines) account for the bound at V = 0 and have been obtained from numerical solutions of equation (5) with the state variable, V, constrained to remain within the interval (0,1). To this end, equation (4) was integrated on a 128 Â 128 square lattice, with e = 0.25 and random initial conditions uniformly distributed in (0, 0.04). V 0 = 0 was classified as a stable state when no instability were found to emerge after 10 4 steps of simulations with temporal interval Dt = 0.2. No patterns emerge for z < z* = 0.9. Vegetation self-organizes in periodic spotted patterns for 0.9 = z* < z < 1.6 (e.g., inset to the left (z = 1.6)) or in labyrinthine patterns with folded stripes for 1.6 < z < 2.8 (e.g., central insets (left, z = 2.0 and right, z = 2.4)). Spotted bare ground emerge within a vegetated background for larger values of z (right inset (z = 2.85)). The landscape is completely vegetated for z > 3.6. G03010 D'ODORICO ET AL.: PATTERNS AND PRODUCTIVITY ENHANCEMENT diffusion-driven (Turing) instability. The fact that two different classes of models generate patterns with the same qualitative features is not surprising. In fact universality exists in the forms of the so-called ''amplitude equations'' (not discussed in this paper), which control the shape of the emergent patterns [see, e.g., Cross and Hohenberg, 1993] . From an ecological perspective, the universal character of these patterns is quite important, in that it suggests that any meaningful variant of equation (5) (e.g., with different exponents of V in the local dynamics term) would lead to a similar sequence of pattern shapes along a gradient of resource (rainfall) availability. Thus, regardless of the particular model used, we can relate patterns to processes and interpret the occurrence of spotted vegetation as the visual evidence of a state at the edges of desert conditions. Small changes in resource availability may lead the system to catastrophically shift to a homogeneous unvegetated state [van de Koppel and Rietkerk, 2004] . Thus the spotted vegetation state has a lower resilience than banded vegetation, as suggested by Rietkerk et al. [2002] .
[20] Numerical simulations showed that the steady state attained by the system is independent of the value of V assigned for the (spatially) uniform initial conditions. In fact, using V(x, 0) uniformly distributed between m V (t = 0) ± 0.02, the final state of the system was found to be independent of the initial value of the spatial mean, m V (t = 0). Thus, unlike van de Koppel and Rietkerk [2004] , this model does not exhibit alternative stable states and patterns emerge without invoking the existence of hysteresis in the underlying local dynamics.
[21] Interesting behaviors emerge when the initial conditions are not uniform but consist of scattered vegetated sites separated by bare ground. This is shown through a set of numerical simulations with initial conditions modeled as a two-dimensional Poisson process [e.g., Cox and Miller, 1965] with rate (i.e., probability of site occupancy), l. Thus V is at any point equal to 1 with probability l (i.e., site occupied by vegetation), while V = 0 with probability 1 À l (bare soil). Figure 6 shows the spatial mean and standard deviation of the steady states attained by vegetation with different initial conditions (i.e., values of l). It is shown that m V , s v , and pattern geometry dramatically change with the initial condition. With relatively high values of l the landscape is initially covered by a number of scattered vegetation patches, which grow with time at the expenses of the surrounding bare soil until the system reaches a spotted configuration similar to the one obtained in the case of uniform initial conditions. The emergence of this pattern is due to the more homogeneous initial condition existing for high values of l. For low values of l, only a few vegetation patches exist. In this case, the colonization of the landscape necessarily occurs through the growth of only a few vegetated patches. This process leads to the formation of folded rolls and stripes (Figure 6 ).
[22] These results suggest that while the initial mean value of V, m V , does not affect the final state of the system, the initial (spatial) distribution of vegetation plays a key role in determining vegetation patterns in the steady state configuration. In the example of Figure 6 , spotted vegetation would be the only possible stable configuration attainable with uniform initial conditions (see Figure 5) . However, when the system is initially covered with a sparse canopy (i.e., with only a few scattered plants), banded and labyrinthine structures may emerge. Thus vegetation patterns may also reflect the effect of disturbance histories of the system (e.g., the effect of uniform fires, thinning, or selected logging).
Discussion and Conclusions
[23] This study capitalizes on the facilitation-competition framework developed by Lefever and Lejeune [1997] to Figure 6 . Vegetation patterns obtained through numerical simulations (e = 0.25, c = 1.8, and z = 1.2) using as initial conditions different configurations of scattered vegetation generated as a two-dimensional Poisson process with different rates (i.e., vegetation densities), l: (a) l = 0.03, (b) l = 0.004, and (c) l = 0.002. Depending on the value of l, vegetation self-organizes in periodic spotted patterns (e.g., l = 0.03) or in labyrinthine patterns with folded stripes (e.g., l = 0.002).
show how the combination of short-range facilitation with long-range competition processes may induce the existence of (stable) highly-heterogeneous vegetated states even when desert conditions (i.e., V = 0) are the only stable state of the local dynamics. This finding suggests that the heterogeneity induced by spatial interactions enhances the productivity of ecosystems located at the desert margins, thereby leading to an efficient allocation and use of the resources. Vegetation patterns emerging from facilitation-competition dynamics are independent of the mean initial conditions as long as vegetation is initially uniformly distributed across the landscape. In this case pattern geometry is found to depend on the proximity to marginal stability conditions. As these conditions are reached the system abruptly collapses to a stable, unvegetated state. Spotted vegetation is typical of conditions close to marginal stability, suggesting that these systems are more easily prone to shifts to the desert state as a result of changes in the driving parameters. Thus states with spotted (labyrinthine) vegetation have a relatively low (high) resilience. Similar results were determined by Rietkerk et al. [2002] with a different model of pattern formation.
[24] When the system evolves starting from nonuniform initial conditions, pattern geometry is mostly dictated by the initial density of vegetated sites. Labyrinthine patterns are observed to emerge even when uniform initial conditions are capable of generating only spotted vegetation. This finding suggests that both initial conditions (hence the disturbance history) and ecosystem resilience are imprinted in the geometry of vegetation patterns, thereby preventing the direct association of patterns with the degree of fragility of dryland vegetation.
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